Double shock mode in graded cellular rod under impact  by Shen, C.J. et al.
International Journal of Solids and Structures 50 (2013) 217–233Contents lists available at SciVerse ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rDouble shock mode in graded cellular rod under impact
C.J. Shen a, T.X. Yu a,b, G. Lu a,⇑
a School of Mechanical and Aerospace Engineering, Nanyang Technological University, Singapore 639798, Singapore
bMechanical and Material Science Research Center, Ningbo University, Ningbo 315211, China
a r t i c l e i n f o a b s t r a c tArticle history:
Received 9 April 2012
Received in revised form 12 September
2012
Available online 28 September 2012
Keywords:
Graded cellular material
Double shock mode
Analytical model
Densiﬁcation velocity
Energy absorption0020-7683/$ - see front matter  2012 Elsevier Ltd. A
http://dx.doi.org/10.1016/j.ijsolstr.2012.09.021
⇑ Corresponding author.
E-mail address: gxlu@ntu.edu.sg (G. Lu).This paper presents an analytical study of the effect of the gradient in quasi-static plateau stress on the
dynamic behavior of graded cellular rods under impact loading. Finite element (FE) simulations of graded
hexagonal and circular cells’ chains under uniaxial impact loading are ﬁrst carried out by using ABAQUS/
EXPLICIT to observe their dynamic deformation modes. To build an analytical model, a graded cellular
rod, whose quasi-static plateau stress varies along the axial direction, is supposed to be impinged by a
rigid mass G with initial velocity V0. Only one shock front appears when the gradient is positive, while
two shock fronts appear in the rod with negative gradient. Analytical expressions of the dynamic
response parameters for the graded cellular rod are theoretically derived by using the one-dimensional
shock theory originally proposed by Reid and Peng (1997). Closed form solution is found for the single
shock (SS) mode, while ﬁnite difference method is employed to obtain solutions for the double shock
(DS) mode. Densiﬁcation velocity, at which the graded rod is just fully crushed at the end of its dynamic
response, is determined; and accordingly, the maximum energy-absorbing capacity of the graded cellular
rod is determined. The weakest part of the graded rod is suggested to be placed at the impact end to
achieve higher energy absorption. The theoretical models are then extended to the second scenario in
which the graded cellular rod together with attached mass G impinges onto a rigid target. Similar to Sce-
nario I, the gradient signiﬁcantly inﬂuences the capacity of the graded cellular rod when the ratio of mass
G to the mass of the rod is relatively small. The comparison between the FE simulation results and ana-
lytical predictions shows good agreement, which validates the theoretical model.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Cellular solids, both natural and synthetic, have attracted
numerous research interests due to their outstanding properties,
including high relative stiffness and strength, heat insulation and
efﬁcient energy absorption (Gibson and Ashby, 1997). In nature,
cellular structures (e.g. in woods and bones) vary in cell wall thick-
ness, size and shape. For cellular solids, a gradual variation in the
cell size distribution or material strength can inﬂuence many prop-
erties such as mechanical shock resistance and thermal insulation.
Up to now, few experiments and numerical simulations on non-
homogenous cellular structures have been reported. Therefore, it
is worthwhile to further explore the mechanical properties of
graded cellular structures under dynamic loading.
In general, the stress–strain curve of cellular material possesses
the feature sketched by the ﬁne line in Fig. 1 and it is characterized
by three stages, including a short elastic stage, a long plateau stage
and ﬁnally a densiﬁcation stage. Under quasi-static compression,
the deformation is inﬂuenced by the distribution and extent ofll rights reserved.the initial imperfections, while the energy absorbed per unit vol-
ume is equal to the area under the nominal stress–strain curve.
The response to dynamic loadings is very different from that to
the quasi-static due to inertial effect. After impact, the compaction
waves travel through the cellular material, resulting in enhance-
ment of the strength and energy absorption (Reid and Peng,
1997; Elnasri et al. 2007). Various analytical and computational
methods have been proposed to model the compaction propaga-
tion, including one-dimensional shock-wave models (Reid and
Peng, 1997; Tan et al., 2005b; Harrigan et al., 2005, 2010; Lopatni-
kov et al., 2003, 2004); and spring mass models (Shim and Yap,
1997; Li and Meng, 2002). Karagiozova et al. (2012) proposed
one-dimensional models based on the actual experimental derived
stress strain curves. The applications of different analytical ap-
proaches have led to some debate (Tan et al., 2005a,b,c; Fleck
and Deshpande, 2005; Li and Reid, 2006). Harrigan et al. (2010)
provided clarity by comparing these methods for the analysis of
dynamic compaction of cellular materials. It is shown that the ‘cor-
rect’ shock solution can be derived merely by applying the conser-
vations of mass and momentum, while the spring-mass models are
unable to describe accurately the front of propagating shock wave.
Most recently, Zhu et al. (2011) conducted a review in the area of
the cellular material under impact loading.
Fig. 1. General stress–strain relationship for the cellular material and the R-PP-L
material model.
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shock theory for cellular solids to explain the crush enhancement
of the wood specimens. In this theory, the cellular material is ide-
alizes as a rigid, perfectly-plastic, locking (R-PP-L) material, as
shown by the solid line in Fig. 1. To better predict crushing stresses
for the cellular material under dynamic loading, the simple shock
wave theory has been extended to less idealized models. Tan
et al. (2005a,b) developed a simple shock model by taking into ac-
count the elastic material properties. Elastic–plastic model with
hardening was used by Harrigan et al. (2005), while an ‘elastic-per-
fectly-plastic-rigid’ model was used by Lopatnikov et al. (2003,
2004). Pattofatto et al. (2007) proposed a rigid plastic material
model with a power law densiﬁcation (R-PP-D) to make more
accurate prediction, since the shock stress jump and shock front
speed predicted by the R-PP-L model were too sensitive to the
locking strain. Most recently, Zheng et al. (2012) extended the
R-PP-L material model to a linearly hardening plastic-locking
material model. In their work, a Shock-Mode and a Transitional-
mode were introduced and the critical velocities for modes transits
were predicted. The shock theory has been shown to well predict
the experimental results for a number of cellular materials (Reid
and Peng, 1997; Harrigan et al., 2005).
By idealizing a cellular material as the R-PP-L continuum and
applying the shock theory, the dynamic crushing strength of cellu-
lar material is derived in terms of impact velocity as (Reid and
Peng, 1997; Tan et al., 2005b; Harrigan et al., 2010),
rd ¼ rp þ q0ed V
2 ð1Þ
where rd and rp are the dynamic crushing stress of the cellular
material and its plateau stress under quasi-static compression,
respectively; q0 is the initial density of the cellular material; ed is
the densiﬁcation strain (i.e. locking strain); and V is the velocity
at the shock front.
On the other hand, based on wave-trapping theory, Honig and
Stronge (2002) deﬁned a critical velocity,
Vcr ¼
Z ecr
0
cðeÞde ð2Þ
where cðeÞ ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðdr=deÞ=q0p is the speed of stress wave in a solid
with a uniaxial stress–strain curve r ¼ rðeÞ, and ecr is the strain
where dr=de ¼ 0. They noted that shock wave would not occur if
V0 < Vcr . For elastic, perfectly plastic material ecr ¼ ry=E, and Eq.
(2) is reduced to,Vcr ¼ ryﬃﬃﬃﬃﬃﬃﬃﬃ
Eq0
p ð3Þ
where E and ry are the Young’s modulus and the yielding stress,
respectively.
From a theoretical analysis, Gibson and Ashby (1997) provided
the locking strain ed and the quasi-static plateau stress rp,
ed ¼ 1 C q0qs
ð4Þrp ¼ C1 q0qs
 3=2
rys ð5Þ
where qs and rys are the density and the yielding stress of the den-
siﬁed material, respectively; C and C1 are constants determined by
experimental data. In a simple model, the value of constant C may
be taken as 1. Although the above equations are derived under
the assumption that the cellular material is homogenous, they pro-
vide good insight into the graded cellular material. It shows that
two kinds of gradient in the cellular solid could be involved in a
graded cellular material. One is the gradient in terms of the quasi-
static plateau stress rp, while the other is in the initial density q0.
It is evident that the density gradient affects not only the quasi-
static plateau stress rp but also the inertial term q0V
2=ed. As a
simple case, the gradient can be introduced by merely changing
the yielding stress rys of the parent material.
In the past few years, research interest has been shown in
studying various graded cellular structures. Ali et al. (2008) inves-
tigated the graded structure with hexagonal cells under low veloc-
ity impact conditions. Ajdari et al. (2009) investigated the uniaxial
and biaxial compressive behavior of functionally graded Voronoi
structures using FE simulations. In their later study (Ajdari et al.,
2011), they also investigated the regular hexagonal honeycomb
with graded densities by using ﬁnite element method under dy-
namic loading. Results showed that the decrease of the relative
density along the direction of crushing enhances the energy
absorption of honeycombs at early stages of crushing. Most re-
cently, Zeng et al. (2010) investigated the inﬂuence of the density
gradient on the mechanical response of graded polymeric hollow
sphere agglomerates under impact loading. Focused on the early
stage, the force at the distal end was found much higher when
the strongest layers were placed near the impinged end. Their
study showed that placing the strongest layer as the ﬁrst impacted
layer and weakest layer as the last had some beneﬁt in terms of
maximum energy absorption with a minimum force level trans-
mitted to the protected structures.
However, the underlying deformation mechanism of the
graded cellular material under dynamic loading remains to be
further understood due to the lack of no comprehensive theoret-
ical study of the behavior of graded cellular materials. The pres-
ent paper is aimed at identifying appropriate shock modes in
graded cellular rods under dynamic loading and exploring their
inﬂuence on energy-absorbing capacity. As a ﬁrst step, only gradi-
ent in the plateau stress is introduced to a cellular rod in the
present study while the density is uniform along the rod. Finite
Element (FE) simulations are ﬁrst carried out to obtain a close
observation on the deformation modes of the graded cellular
chains. Based on the deformation modes observed from FE simu-
lations, analytical models are proposed by using the shock-wave
theory. Two scenarios are considered: the ﬁrst is that a rigid mass
with initial velocity impinges a stationary graded cellular rod
which is ﬁxed at the distal end (Fig. 6); the second one is that
a graded cellular rod attached with a mass impinges onto a ﬁxed
rigid target (Fig. 15).
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In this section, FE simulations of two kinds of 1D graded cellular
chain under impact loadings are carried out. The deformation
modes are qualitatively described here while more quantitative
analysis will be given in Section 5. The graded cellular chain con-
tains 25 cells of identical dimensions. Fig. 2(a) and (b) represent
the graded hexagonal and circular cells’ chain, respectively. A con-
stant gradient in the materials’ yielding stress is introduced to the
cells. The details of the FE model are given in the Appendix A. As
shown in Fig. 2, plate A is the impinging plate while plate B is ﬁxed
by constraining all the degrees of freedom. A range of initial impact
velocities are given to the impact plate in order to observe the re-
sponse of the graded cellular chain. The strongest cell is placed at
the impinged end while the weakest cell is placed at the ﬁxed end.
Fig. 3(a) shows the deformation proﬁle of the graded hexagonal
cells’ chain under the initial impact velocity of V0 = 10 m/s. The
mass of the impact plate is 6 mg. After the deformation initiated
from both ends, further deformation occurs near the ﬁxed end
while the impinged end remains undeformed. Fig. 3(b) depicts
three snap-shots of the deformation process of the same chain
but under the initial impact velocity of V0 = 100 m/s with the mass
0.06 mg. Initially, a compaction front is found at the impinged end
while no obvious deformation occurs at the ﬁxed end. Afterwards,
another compaction front gradually appears at the ﬁxed end while
the deformation at the impinged end keeps expanding. Later, it is
found that the deformation at the impinged end stops expanding
while the deformation at the ﬁxed end keeps increasing. Similar
deformation processes are found in the graded circular cells’ chain,
as shown in Fig. 4.
Fig. 5 displays the deformation proﬁles of the graded hexagonal
cells’ chain under impact when the weakest cell is placed at the
impinged end. It is found that deformation always starts from
the impinged end and then propagates to the ﬁxed end regardless
of the value of the initial impact velocity.
Based on the observation of the FE simulations, it is remarked
that two compaction fronts appear when the strongest cell is
placed at the impinged end while only one compaction front prop-
agates if the weakest cell is placed at the impinged end. In the sub-
sequent sections, an analytical model will be established for a
graded continuum rod by using the shock theory. Two impact sce-A
V0 B
Cell 1    2   3    4    5 .....
A
V0 B
Cell  1     2    3    4    5 .....
(b)
(a)
Massless rigid plates
...........
............
Fig. 2. 1D cellular chains composed of 25 cells. (a) Hexagonal cellular chain; (b)
circular cellular chain.narios are considered. Scenario I is the same as the above FE sim-
ulations, in which a stationary rod is impinged by a rigid mass.
In Scenario II, the rod together with an attached mass impinges
onto a rigid target.3. Deformation modes in Scenario I
As shown in Fig. 6, a stationary cellular rod with initial length l0
and initial density q0 is impinged by a rigid mass G with initial im-
pact velocity V0. The distal end of the rod is ﬁxed on the support. A
constant gradient in the quasi-static plateau stress, g, is introduced
to the cellular rod and it is deﬁned as,
g ¼ Dr
r0l0
ð6Þ
where Dr is the difference in the quasi-static plateau stress be-
tween the two ends of the cellular rod with length l0 and r0 the
average plateau stress over the rod length. For clarity, it is deﬁned
that g > 0 when the weakest part is at the impinged end (i.e. the
strength increases from the impinged end along the rod); and
g < 0 when the strongest part is at the impinged end. They are
sketched in Fig. 7.
Let qs denote the density of the fully densiﬁed material and rd
the dynamic crushing stress. The cross-sectional area A0 is as-
sumed to remain unchanged during the whole crushing process.
Similar to the previous studies (e.g. Reid and Peng, 1997; Tan
et al., 2005b), the R-PP-L model and one-dimensional shock theory
are employed for the graded cellular rod under concern.
In the R-PP-L material model, Young’s modulus is assumed to be
inﬁnite. Thus, the elastic wave speed is inﬁnite and the wave front
reaches the distal end immediately after impact. When the gradi-
ent g is positive, the weakest part is at the impinged end and it de-
forms immediately after impact. However, at the distal end the
reaction stress is still below its quasi-static plateau stress so that
the distal end remains undeformed during the entire crushing pro-
cess. When the gradient is negative, the weakest part is placed at
the distal end, and the reaction stress there could easily exceed
its quasi-static plateau stress. On the other hand, for the R-PP-L
model, the critical velocity given by Eq. (3) becomes zero as the
Young’s Modulus approaches inﬁnite. Consequently, shock fronts
at both the impinged end and the distal end may co-exist from
the very beginning. Therefore, a single shock (SS) mode and a dou-
ble shock (DS) mode have to be respectively proposed to describe
these two possible crushing processes.
Fig. 8(a) shows an SS mode when the gradient is positive. Defor-
mation in the form of shock wave occurs from the impinged end
and then gradually propagates to the distal end. During the whole
crushing process, only single forward shock front occurs starting
from the impinged end. The initial length of road is l0, the densiﬁed
portion is x and the undeformed length is l. The rigid block dis-
placement is u.
Fig. 9(a) shows a DS mode which occurs when the gradient is
negative. Crushing occurs initially from both the distal and im-
pinged end. In this DS mode, a forward shock and a backward
shock propagate simultaneously before they ﬁnally meet, if the in-
put energy is sufﬁciently large.
Non-dimensionalization of the parameters is ﬁrst implemented
for the analytical derivations. For the two crushing modes, the
physical parameters involved are the same, which are the locking
strain ed, the average plateau stress r0, the gradient g, the initial
length l0, the initial density q0, the cross-section area A0, and the
impinging mass G. The process variables involved are the displace-
ment of the impinging mass u, the length of the densiﬁed zone
adjacent to the impinged end x, the length of the densiﬁed zone
Fig. 3. Deformation proﬁles for graded hexagonal cells’ chain, the strongest cell at the impinged end. (a) V0 = 10 m/s, G = 6 mg (t = 0.68 ms,3.60 ms,6.67 ms,10.43 ms); (b)
V0 = 100 m/s, G = 0.06 mg (t = 0.14 ms,0.74 ms,1.34 ms,2.09 ms).
Fig. 4. Deformation proﬁles for graded circular cells’ chain, the strongest cell at the impinged end. (a) V0 = 10 m/s, G = 6 mg (t = 1.8 ms,4.80 ms,7.8 ms,10.8 ms); (b)
V0 = 100 m/s, G = 0.06 mg (t = 0.18 ms,0.98 ms,1.78 ms,2.78 ms). Note: the rigid plates placed between each pair of cells are not displayed.
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zone l, and the instantaneous velocity of the impinging mass V.
The length parameters are all non-dimensionalized with respect
to rod initial length as,
x
l0
¼ n; u
l0
¼ l; l
l0
¼ k; y
l0
¼ g ð7Þ
A characteristic velocity of the cellular rod is,
cp 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r0=q0
q
ð8Þ
Hence, the non-dimensional velocity can be deﬁned as
m  V=cp ð9Þwhile the characteristic time is,
T  l0=cp ð10Þ
Accordingly, the non-dimensional time is deﬁned as,
s  tcp=l0 ð11Þ3.1. Positive gradient – single shock (SS) mode
The dynamic deformation process of a graded cellular rod is
sketched in Fig. 8(a) when the gradient g is positive. Since the
weakest part is at the proximal (impinged) end, the crushing starts
from the proximal end and then propagates to the distal end. The
Fig. 5. Deformation proﬁles for graded hexagonal cells’ chain, the weakest cell at the impinged end. (a) V0 = 10 m/s, G = 6 mg (t = 0.60 ms,3.6 ms,6.6 ms,9.6 ms);
(b) V0 = 100 m/s, G = 0.06 mg (t = 0.06 ms,0.66 ms,1.26 ms,1.86 ms).
σ
σ0
0 l0
g=Δσ/σ0l0
Δσ g<0
g>0
l0/2
Fig. 7. Quasi-static plateau stress distribution in the graded cellular rods.
distal end
G σ,  
V0
l0
proximal end
Fig. 6. Scenario I: a stationary cellular rod directly impinged by a rigid mass G.
G
u lx
Vs1
V0
Gt=0
t=t
G
u+δu x+δx l+δl
Vs1+δVs1
t=t+δt
shock front
distal endproximal end
σ
σ
f
d
σ
f
p
forward
shock front
t=t
Undeformed
zone
position
Densified
zone 1
x l
(a)
(b)
l0
g
1
s, V1
s, V1+δV1 V= 0
V= 0
V= 0
Fig. 8. (a) The SS mode in the graded cellular rod impinged by a rigid mass (positive
gradient, single shock front); (b) corresponding stress distribution in the graded
cellular rod at instant t.
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Reid and Peng (1997).
From the geometry, the displacement of the attached rigid mass
is easily found as,
u ¼ ðxþ uÞed ¼ ðl0  lÞed ð12Þ
where ed is the locking strain and l is the length of the undeformed
zone in the cellular rod.
Ahead of the shock front the cellular rod is undeformed and the
stress is equal to the quasi-static plateau stress at that cross sec-
tion. Since it is assumed that the quasi-static plateau stress of
the material linearly increases along the position, the plateau
stress ahead the shock front is obtained in terms of the gradient g,rp ¼ r0  l02 
1
1 ed
 
gr0 ð13Þ
where r0 is the average plateau stress of the cellular rod. Since the
gradient g is a constant, r0 is also the plateau stress at the central
section of the cellular rod.
Gdistal end
u x l
 V2
y
Vs1 Vs2
V0
forward
shock front
G
G
u+δu x+δx l+δl y+δy
Vs1+δVs1 Vs2+δVs2
t=0
t=t
t=t+δt
σ
backward
shock front
forward
shock front
t=t
backward
shock front
Undeformed
zone
proximal end
-g
1
position
Densified
zone 1
Densified
zone 2
σ
b
d
σ
b
f
x l y
(a)
(b)
σ
f
d
σ
f
p
l0
 V1 s, V= 0
s, V1+δV1 s, V= 0V2+δV2
V= 0
s,
Fig. 9. (a) The DS mode in the graded cellular rod impinged by a rigid mass
(negative gradient, double shock fronts); (b) corresponding stress distribution in
the graded cellular rod at instant t.
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ahead of the shock front. The velocity of the element increases
from zero to V. The length of the element after densiﬁcation is dx
and so the mass of the element is
dm ¼ q0A0dx
1 ed ð14Þ
Furthermore, from the geometry and the kinematic
considerations,
dx
dt
¼ 1 ed
ed
V ð15Þ
The conservation of the momentum gives,
ðrd  rpÞA0dt ¼ Vdm ð16Þ
where rd is the dynamic crushing stress and rp is the quasi-static
plateau stress.
Substituting Eqs. (14) and (15) into Eq. (16) gives
rd ¼ rp þ q0ed V
2 ð17Þ
The derivation of the dynamic equation is the same as that ﬁrst
given by Reid and Peng (1997). That is because in the present case
the only difference is that the plateau stress rp varies with the po-
sition rather than being a constant, while all the other parameters
remain the same. For this scenario, the stress distribution along the
graded cellular rod with a positive gradient at the instant t is de-
picted in Fig. 8(b). For the stationary unformed portion, the stress
is uniform, which is smaller than the plateau stress. For the fully
densiﬁed zone which moves as one body with the same velocity
and acceleration, the internal force and hence the stress varies lin-early, as a result of Newton’s second law.
We are now interested in the relationships among the instanta-
neous velocity, displacement and time. The conservation of
momentum for the whole system consisting of the cellular rod
and the impinging mass shown in Fig. 8(a) over the period from t
to (t + dt) leads to the governing equation,
dV
dt
¼ 
rp þ q0ed V
2
G
A0
þ q0ed u
ð18Þ
Combining Eqs. (13) and (18) gives
dV
dt
¼ 
r0ð1 l02 gÞ þ gr0ed uþ
q0
ed
V2
G
A0
þ q0ed u
ð19Þ
Non-dimensionalization of Eq. (19) gives,
dm
ds
¼ 1
2
 l
ed
 
H 1 m
2
ed
 
Cþ l
ed
 
ð20Þ
where H ¼ gl0 ¼ Dr=r0 is the non-dimensional gradient, C ¼ G=m
is the mass ratio, andm ¼ q0l0A0 is the total mass of the cellular rod.
From Eq. (20), the non-dimensional velocity is obtained in
terms of the non-dimensional displacement l in a closed form as
follows, and the derivation is shown in Appendix B.1.
m ¼ m0
Cþ 1ed l

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C2  1
m20
ð2HÞClþ 2HCþ 2H
2ed
l2 þ 2H
3e2d
l3
 s
ð21Þ
Based on Eq. (17), the non-dimensional dynamic crushing stress
is obtained as a function of the displacement, l,
Rd ¼ 1 12Hþ
1
ed
Hl
þ
ðCm0Þ2  ð2HÞCl 2HCþ2H2ed l
2  2H
3e2
d
l3
ðCþ 1ed lÞ
2 ð22Þ
where Rd  rd=r0 is the non-dimensional dynamic crushing stress
just behind the shock front.
Depending on the value of initial input energy from the imping-
ing mass, there exist two possible deformation outcomes. When
the initial energy is sufﬁciently small, the velocity of the impacting
mass decreases to zero before the graded cellular rod is fully
crushed and so there is an undeformed portion left. The other pos-
sible outcome occurs when the initial energy is sufﬁciently large.
The impacting mass still has residual velocity even when the whole
rod is fully densiﬁed.
To characterize the dynamic energy-absorbing capacity of the
graded cellular rod, a critical case is considered, in which the cellu-
lar rod is just fully crushed when the input kinetic energy is ex-
hausted. The initial impact velocity, in the case, is called as
densiﬁcation velocity, md. In this case, the displacement of the
impinging mass, u, reaches the maximum value l0ed and the instant
velocity of the impinging mass decreases to zero, where l0 is the
initial length of the cellular rod. The non-dimensionalisation dis-
placement is l ¼ u=l0, Hence, the non-dimensionalisation displace-
ment l ¼ l0ed=l0 ¼ ed. By applying the boundary condition, l ¼ ed
and m ¼ 0, the initial velocity m0 ¼ md and the densiﬁcation velocity
is obtained from (21) as,
md ¼ 1C
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Cþ 1þ 1
6
H
 
ed
s
ð23Þ
It is seen that the densiﬁcation velocity relates to the non-
dimensionalisation parameter l ¼ ed.
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to the initial kinetic energy of the rigid mass,
Ed ¼ 12C
r0
q0
mm2d ð24Þ
where Ed denotes the maximum dynamic energy-absorbing capac-
ity and m is the total mass of the cellular rod.
On the other hand, the maximum energy absorption of the rod
under quasi-static loading is,
Eq ¼
Z
A0rpdu ¼ A0edl0r0 ¼ r0q0
med ð25Þ
Comparing Eqs. (24) and (25) gives a energy ratio,
w ¼ Ed
Eq
¼ Cm
2
d
2ed
ð26Þ
Substituting Eq. (23) into (26) gives,
w ¼ 1þ 1
2C
þ 1
12C
H ð27Þ
Hence, the maximum dynamic energy-absorbing enhancement
ratio H is determined by two non-dimensional parameters, i.e. the
mass ratio C and the non-dimensional gradientH. The range of the
non-dimensional gradient is H 2 ½0;2Þ as g > 0. The solid lines in
Fig. 10 represent the dynamic energy-absorbing enhancement ra-
tio w versus the mass ratio C , indicating that the maximum dy-
namic energy-absorption decreases with C. It is evident that the
enhancement is signiﬁcant when the impinging mass is small but
the impinging velocity is high. Compared with the uniform cellular
rod (H ¼ 0), the energy-absorbing capacity of the graded cellular
rod is enhanced slightly by the positive gradient H > 0.
3.2. Negative gradient – double shock (DS) mode
When the gradient is negative, the strongest part of the graded
cellular rod is at the impinged end. Dynamic crushing will take
place from both the distal and proximal ends, resulting in a double
shock mode. The deformation process is shown in Fig. 9(a). Vs1 is
the speed of the forward shock front, while Vs2 is the speed of
the shock front traveling backward. V1 is the velocity of the
impinging mass and V2 is the velocity of the undeformed zone be-
tween the two shock fronts. The dynamic crushing stress in the
graded cellular rod for the DS mode is depicted in Fig. 9(b). rbd
and rbp represent the dynamic crushing and quasi-static plateau
stresses at two sides of the backward shock front, respectively,Fig. 10. Energy ratio w ¼ Ed=Eq versus mass ratio C ¼ G=m for direct impact,
Scenario I.while rfd and r
f
p are the stresses at two sides of the forward shock
front.
From the geometry, the following relationship can be easily ob-
tained and the details of the derivation is shown in Appendix B.2,
du
dt
¼ V1 ð28Þ
dy
dt
¼ Vs2 ð29Þ
dl
dt
¼  1
ed
V1 ð30Þ
dy
dt
¼ 1 ed
ed
V2 ð31Þ
dx
dt
¼ 1 ed
ed
ðV1  V2Þ ð32Þ
By considering the small element ahead of the forward shock
front over a small time increment dt, the velocity of the element in-
creases from V2 to V1 after densiﬁcation. The length of the element
after densiﬁcation is dx and the mass of the element can be ob-
tained by Eq. (14). Thus, conservation of momentum for this small
element leads to,
rfd  rfp
 	
A0dt ¼ ðV1  V2Þdm ð33Þ
where rfd is the dynamic crushing stress behind the forward shock
front and rfp is the relevant quasi-static plateau stress.
Substituting Eqs. (14) and (33) gives the dynamic crushing
stress behind the forward shock front as,
rfd ¼ rfp þ
q0
ed
ðV1  V2Þ2 ð34Þ
Similarly, taking a small element ahead of the backward shock
front over a small time interval dt, the velocity of the element de-
creases from V2 to zero. The length of element after compression is
dy. The conservation of momentum for the element gives,
ðrbd  rbpÞA0dt ¼ V2dm ð35Þ
where rbd is the dynamic crushing stress behind the forward shock
front and rbp is the relevant quasi-static plateau stress.
Replacing dx with dy in Eq. (14) for backward shock front and
substituting together with Eq. (31) into Eq. (35) gives the dynamic
crushing stress behind the backward shock front,
rbd ¼ rbp þ
q0
ed
V22 ð36Þ
Typical stress distribution in the graded cellular rod in the DS
mode is depicted in Fig. 9(b) at an instant t = t. Stress discontinu-
ities exist at the two shock fronts, which are caused by the
R-PP-L material model.
Since the undeformed zone has velocity V2, which varies with
time, by taking the ﬁrst shock front as the reference frame and con-
sidering the ﬁrst shock front over the period from t to (t + dt), the
conservation of moment gives,
rfpdt ¼
G
A0
þ qsðxþ dxÞ
 
ðV1 þ dV1Þ  GA0 þ qsx
 
V1
 q0
1 ed V2dx ð37Þ
where rfp ¼ r0  ð12 x1edÞgr0 is the quasi-static plateau stress
ahead of the forward shock front and qs ¼ q0=ð1 edÞ is the density
of the densiﬁed material.
(a)
(b)
Fig. 11. (a) Typical time histories of m1 and m2; (b) typical time histories of the
position of the shock front. C ¼ 0:5, H ¼ 1:0 and m0 ¼ 2. Scenario I.
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at the distal end. The conservation of the moment gives,
rbddt ¼ d
G
A0
þ qsx
 
V1
 
þ dðq0lV2Þ ð38Þ
where rbd is the reaction stress at the distal end. Since the densiﬁed
zone adjacent to the distal end is in equilibrium, the reaction stress
rbd equals the dynamic plateau stress behind the backward shock
front.
rbd ¼ r0 þ
l0
2
 y
1 ed
 
gr0 þ q0ed V
2
2 ð39Þ
Subtracting Eq. (37) from Eq. (38) gives,
q0l
dV2
dt
þ q0V2
dl
dt
þ q0V2
1 ed
dx
dt
¼  l0  xþ y1 ed
 
gr0  q0ed V
2
2 ð40Þ
Here l ¼ l0  xþy1ed is used based on geometry.
Then, substituting Eqs. (30) and (32) into Eq. (40) gives,
dV2
dt
¼  gr0
q0
ð41Þ
Initially, V2 ¼ 0 at t ¼ 0 . From Eq. (41), it is found that dV2=dt
varies linearly with the gradient g. It is evident that when the gra-
dient g > 0 (i.e. the impact occurs from the weakest part), V2 can-
not decrease so that V2  0 , implying that only a single shock
occurs from the impinged end. On the other hand, when the gradi-
ent g < 0 (i.e. the impact occurs from the strongest part),
dV2=dt > 0 , indicating that V2 increases with time. In the latter
case, double shocks initiate and propagate from both the distal
and proximal ends. However, Eq. (32) also requires V1 > V2 to en-
sure dx=dt > 0 . Thus, two successive phases should exist with the
DS mode. In Phase I, V2 increases with time and V1 decreases until
they reach the same value. In Phase II, immediately following
Phase I, V1 ¼ V2 and the length of the densiﬁed zone near the prox-
imal end, x, remains unchanged (i.e. dx=dt ¼ 0), while only the den-
siﬁed zone adjacent to the distal end continues to expand.
Non-dimensionalization of Eqs. (28), (30)–(32) leads to,
dl
ds
¼ m1; dkds ¼ 
m1
ed
;
dg
ds
¼ 1 ed
ed
m2;
dn
ds
¼ 1 ed
ed
ðm1  m2Þ ð42Þ
In Phase I, the deformation is governed by Eqs. (37) and (42).
Non-dimensionalization of Eqs. (37) and (42) gives the following
equations,
dm1
ds
¼ 1þ 1
2
 n
1 ed
 
H 1
ed
ðm1  m2Þ2
 
Cþ n
1 ed
 
ð43Þ
dm2
ds
¼ H ð44Þ
Phase II starts from the instant s ¼ s at which m1 ¼ m2. Thus,
the initial conditions of Phase II are,
s ¼ s; m1 ¼ m2 ¼ m; n ¼ n; g ¼ g; k ¼ k ð45Þ
where m, n, g and k are the non-dimensional velocity, densiﬁed
length near the impinged end, densiﬁed length near the distal end
and the undeformed length at the end of Phase I, respectively n
is a constant in the Phase II.
In Phase II, Eq. (42) can be re-written as,
dl
ds
¼ m; dk
ds
¼  m
ed
;
dg
ds
¼ 1 ed
ed
m;
dn
ds
¼ 0 ð46Þ
Non-dimensionalization of Eq. (38) and applying the initial con-
ditions give,dm
ds
¼  1þ 1
2
 g
1 ed
 
H
 
Cþ 1 g
1 ed
 
ð47Þ
Further variations of m, n, g and k with time s in Phase II can
be determined from Eqs. (46) and (47). With the initial condi-
tions and governing equations, the time histories of the veloci-
ties ðm1; m2Þ and the lengths l can be determined numerically,
although closed form solutions cannot be obtained. Finite differ-
ence method is employed, therefore, to solve the equations for
the dynamic response of the cellular rod with negative gradient
under impact.
Typical time histories of m1 and m2 are plotted in Fig. 11(a) with
mass ratio C ¼ 0:5, gradient H ¼ 1:0 and initial velocity m0 ¼ 2.
Correspondingly, the time histories of the positions of the two
shock fronts are shown Fig. 11(b). Fig. 11(a) shows that m1 de-
creases, while m2 increases in Phase I; Phase II starts at the end of
Phase I (i.e. at instant s ¼ s) with the condition of m1 ¼ m2. The
whole response ends either when V2 decreases to zero or when
the undeformed length k decreases to zero. Note that at the phase
transition, dm=ds exhibits discontinuity, deviating from dm1=ds and
dm2=ds, which is caused by a sudden drop of the stress at the for-
ward shock front. When m1 just decreases to m2, no further defor-
mation occurs at the forward shock front. In fact, in the R-PP-L
material model, the stress at the forward shock front suddenly
drops to a value lower than rfp, which can be determined by the
Newton’s second law.
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shock fronts meet each other (i.e. the length of the undeformed
zone k decreases to zero) before m1 decreases to m2, Phase II does
not appear. The corresponding velocity, mp, can be determined by
applying the end condition of m1 ¼ m2 and k ¼ 0 to the Eqs. (42)–
(44). Fig. 12(a) shows the time histories of m1 and m2 in such a case,
in which the mass ratio is C ¼ 0:5, the gradient H ¼ 1:0 and the
initial velocity m0 ¼ 3:5. Fig. 12(b) shows the corresponding histo-
ries of the positions of the shock fronts.
Similar to the SS mode, the capacity of the energy absorp-
tion for the DS mode is investigated for the range of the nega-
tive gradient H 2 ð2;0Þ. Consider the same critical case that m
decreases to zero exactly at the moment when the rod is just
fully crushed. Under this condition, the end condition of the
crushing is m ¼ 0 and k ¼ 0. By using the ﬁnite difference meth-
od, the densiﬁcation velocities, md, can be determined for the DS
mode. On the other hand, a closed form solution of the densi-
ﬁcation velocity md is obtained by Eq. (27) for the SS mode.
Fig. 13(a) plots the densiﬁcation velocities against the gradient
H. It is found that the densiﬁcation velocity md increases with
the value of the gradient.
The broken lines in Fig. 10 represent the energy ratio w versus
the mass ratio C. It is also found that the energy ratio w increases
when the mass ratio C decreases, which is similar to the conclu-
sion for homogenous cellular rods (Reid and Peng, 1997; Harrigan
et al. 2010). The enhancement of the energy absorption by the(a)
(b)
Fig. 12. (a) Time histories of m1 and m2; (b) time histories of the shock front. C ¼ 0:5,
H ¼ 1:0 and m0 ¼ 3. Scenario I.small mass ratio (e.g. C ¼ 0:5) is signiﬁcant, no matter what the
deformation mode is. Fig. 13(b) plots the energy ratio w versus
the gradient H for both the SS and DS modes. For the SS mode,
the energy ratio w increases linearly with the gradient H. For
the DS mode it still increases with the gradient H, but less signif-
icantly when the gradient H approaches 2. Continuities of the
densiﬁcation velocity and energy ratio are found for the DS and
SS modes at H ¼ 0. It is seen that the capacity of the energy
absorption is higher when the weaker part of cellular rod is
placed at the impinged end. The energy absorbed by the forward
shock Efd versus the gradient when C ¼ 0:2 is plotted in Fig. 14(a),
indicating that the percentage of the energy absorbed by the
backward shock decreases when the magnitude of the gradient
decreases. When the gradient approaches zero, the backward
shock disappears so that all the input energy is absorbed by the
forward shock. The ratios of the energy absorbed by the forward
and backward shock fronts over the total dynamically absorbed
energy are plotted in Fig. 14(b). It is evident that the energy ratio
Ebd=Eq increases with the mass ratio C, implying that the densiﬁ-
cation zone adjacent to the impinged end is longer with a higher
mass ratio C.
In fact, the SS mode can be regarded as a reduced DS mode. For
the SS mode, no backward shock front appears, resulting in that the
velocity of the undeformed zone V2 remains to be zero. When
V2 ¼ 0, all the governing equations for the DS mode are degener-
ated to those for the SS mode.(a)
(b)
Fig. 13. (a) Densiﬁcation velocities md versus gradient H; (b) energy ratio w ¼ Ed=Eq
versus gradient H. Scenario I.
(a)
(b)
Fig. 14. (a) The energy ratio Efd=Eq versus gradient H (C ¼ 0:2); (b) energy ratio
Efd=E
b
d versus gradient H. Scenario I.
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Fig. 16. (a) The SS mode in the graded cellular rod with attached mass impinges
onto a rigid target (positive gradient, single shock front); (b) corresponding stress
distribution in the graded cellular rod at instant t.
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Fig. 15. Scenario II: a graded cellular rod with an attached mass G impinges onto a
rigid target.
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In this section, the theoretical analysis is extended to another
impact scenario of graded cellular rods. Fig. 15 shows this Scenario
II in which the graded cellular rod together with an attached mass
impinges on a rigid target. Since the impact occurs now at the right
end, the distribution of the quasi-static plateau stress of the graded
cellular rod is reversed from Fig. 7. When the gradient is positive,
the weakest part is at the impinged end. In this case, the reaction
stress at the distal end is not large enough to cause the densiﬁca-
tion, resulting in only one shock front from the impinged end.When the gradient is negative, the strongest part of the rod is
placed at the impinged end and two shock fronts from both the
proximal and distal ends may co-exist.
4.1. Positive gradient – single shock (SS) mode
Fig. 16(a) shows the SS mode in this scenario; and the corre-
sponding dynamic distribution at instant t is depicted in
Fig. 16(b). When the gradient is positive, only one shock wave ap-
pears from the impinged end during the whole crushing process,
which is equivalent to the case of V1 ¼ V2 ¼ V in the DS mode.
The initial condition is that V1 ¼ V2 ¼ V0, so there is no densiﬁed
zone adjacent to the distal end (i.e. x ¼ 0). Applying the conditions
that V1 ¼ V2 ¼ V and x ¼ 0, the DS mode degenerates to SS mode
and the governing equation is,
rbddt ¼
G
A0
dV þ dðq0lVÞ ð48Þ
where rbd is the reaction force at the impinged end. Because the gra-
dient is reversed, Eq. (39) changes to,
rbd ¼ r0 
l0
2
 y
1 ed
 
gr0 þ q0ed V
2 ð49Þ
Substituting Eq. (49) into Eq. (48) and simplifying it give the
governing equation,
G
A0
þ q0l
 
dV
dt
¼ r0 þ l02 
u
ed
 
gr0 ð50Þ
Combining Eqs. (B.10) and (B.11) and the condition of x ¼ 0 , Eq.
(50) can be re-written in terms of the displacement of the attached
mass u, as,
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Fig. 17. Stress distribution in the graded cellular rod at instant t (negative gradient,
double shock front, Scenario II).
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A0
 q0
ed
u
 
dV
dt
¼ r0 þ l02 
y
1 ed
 
gr0 ð51Þ
Non-dimensionalization of Eq. (51) gives
dm
ds
¼ 
1 12 led
 	
H
Cþ 1 led
ð52Þ
Hence, we obtain the non-dimensional velocity in terms of the
non-dimensional displacement, l,
m ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m20 þ 2ed 1þ
1
2
þ C
 
H
 
ln 1 l
edðCþ 1Þ
 
þ 2Hl
s
ð53Þ
The detail of the derivation is shown in Appendix B.3.
The non-dimensional dynamic crushing stress behind the shock
front, Rd , is obtained from Eq. (49),
Rd  rd=r0 ¼ 1 12
l
ed
 
Hþ m
2
0
ed
þ 2 1þ 1
2
þ C
 
H
 
 ln 1 l
edðCþ 1Þ
 
þ 2H l
ed
ð54Þ
The shock front will continue to propagate until either the
velocity of the attached mass decreases to zero or the shock
front reaches the distal end. Similar to Scenario I, the densi-
ﬁcation velocity md, at which the graded cellular rod is just
fully crushed, is obtained from Eq. (53) by setting the initial
velocity m0 ¼ md and the ﬁnal velocity as m ¼ 0 when the dis-
placement of the attached mass reaches the maximum value
of l ¼ ed. Thus,
md ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ed 1þ 12þ C
 
H
 
ln
C
Cþ 1 2edH
s
ð55Þ
From Eq. (55), the energy ratio w ¼ Ed=Eq is obtained, which is
the ratio of the energy absorbed under the densiﬁcation velocity
md to that absorbed up to the full densiﬁcation under quasi-static
compression,
w ¼ Ed
Eq
¼ ðCþ 1Þ 1þH
2
þ CH
 
ln 1þ 1
C
 
H
 
ð56Þ4.2. Negative gradient – double shock (DS) mode
When the gradient is negative, the strongest part is placed at
the impinged end. In this condition, two shock fronts will appear
during the crushing process. The deformation proﬁle of the DS
mode in this scenario is the same as in Fig. 9(a). The dynamic
crushing stress in the graded cellular material for the DS mode at
the instant t in this scenario is depicted in Fig. 17. The governing
equations are obtained as follows by substituting a reversed gradi-
ent H into Eqs. (43) and (44),
dm1
ds
¼ 1 1
2
 n
1 ed
 
H 1
ed
ðm1  m2Þ2
 
Cþ n
1 ed
 
ð57Þ
dm2
ds
¼ H ð58Þ
From Eqs. (57) and (58), it is found that m1 and m2 are always
decreasing. To ensure the existence of double shock mode, another
condition dm1=ds > dm2=ds is required. Using Eqs. (57) and (58), we
obtain,
dm1
ds
 dm2
ds
¼ 1 1
2
þ C
 
H 1
ed
ðm1  m2Þ2
 
Cþ n
1 ed
 
> 0
ð59ÞSubstituting the initial condition m1 ¼ m2 into Eq. (59) and sim-
plifying it give,
H <  2
2Cþ 1 ð60Þ
Eq. (60) provides a necessary condition, under which a DS mode
appears for the graded cellular rod with negative gradient. It is
seen that the necessary condition only depends on the mass ratio
C and the gradient H; in other words, the initial velocity has no
inﬂuence on the existence of the DS mode. When 2 > HP  22Cþ1,
only a single shock appears during the whole crushing process;
when 2 < H <  22Cþ1, double shock fronts appear. jHj < 2 holds
because the plateau stress of the cellular material cannot be
negative.
Since dm1=ds dm2=ds > 0 is true for the DS mode, it is obvious
that m2 decreases faster than m1. However, Eq. (60) holds only when
the velocity q0 is positive. Hence, two deformation phases should
exist. The deformation in Phase I is governed by Eqs. (57) and
(58). Phase II starts immediately after the velocity m2 decreases
to zero. When this happens, no more deformation takes place near
the impinged end, indicating m2  0 and g ¼ g. In Phase II, only m1
exists, which can be determined by Eq. (57) together with the con-
dition m2  0 .
dm1
ds
¼ 1 1
2
 n
1 ed
 
H 1
ed
m21
 
Cþ n
1 ed
 
ð61Þ
Finite different method is again employed to solve the above
equations. Fig. 18 plots typical time histories of non-dimensional
velocities m1, m2 and positions of the shock fronts when
H ¼ 1:5; C ¼ 1 and m0 ¼ 0:8. If the initial energy is so large (i.e.
m > mp) that the cellular rod has been fully crushed before m2 de-
creases to zero, only Phase I appears during the whole crushing
process.
The same case is considered to determine the densiﬁcation
velocity md for the DS mode under impact Scenario II, that is, the
velocity of the attached mass m1 decreases to zero just at the in-
stant when the graded cellular rod is fully crushed. Combing with
Eq. (55), the densiﬁcation velocity md is plotted against the gradient
in Fig. 19(a). The DS mode dominates in the regime on the left of
the broken line, while the SS mode appears on the right regime.
It is found that the gradient H has little inﬂuence on the densiﬁca-
tion velocity for the mass ratio C larger than 0.5 for the SS regime.
For the DS regime, the inﬂuence decreases when the gradientH ap-
proaches to -2, while it is signiﬁcant when it is closer to the border
of the regime. When the mass ratio C is small (e.g. C ¼ 0:2), the
densiﬁcation velocity signiﬁcantly increases with the gradient
whether the SS or DS mode occurs.
(a)
(b)
Fig. 18. (a) Typical time histories of non-dimensional velocities m1 and m2; (b)
typical time histories of the position of the shock front H ¼ 1:5;C ¼ 1 and
m0 ¼ 0:8. Scenario II.
(a)
(b)
Fig. 19. (a) Densiﬁcation velocities md versus gradient H; (b) energy ratio w ¼ Ed=Eq
versus gradient H. Scenario II.
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rod, the energy ratio w is plotted in Fig. 19(b). When the gradientH
is positive, the energy ratio is higher, suggesting that the weakest
part of graded cellular rod be the impinged end. Moreover, the gra-
dient has signiﬁcant effect on the energy ratio when the mass ratio
is small (e.g. C ¼ 0:2), but much less when it is sufﬁciently large
(e.g. C ¼ 0:5).
5. Comparison with FE results and discussion
In this section, the theoretical prediction is compared with the
FE simulation result of cellular chains. Two kinds of 1D graded
chain, composed of the hexagonal and circular cells, are impinged
by a rigid mass with various initial impact velocities. The FE mod-
els with hexagonal and circular cells are shown previously in
Fig. 2(a) and Fig. 2(b), respectively. Theoretically, for cellular solids
the densiﬁcation strain, ed, is the strain at which the material has
the same density as parent material. Since the chain cannot be
completely densiﬁed, it is hard to determine the locking strain ed
theoretically. Hu and Yu (2010) determined the locking strain
ed ¼ 1 43 q0qs for honeycomb with double-thickness walls perpen-
dicular to the loading direction by analyzing the evolution of the
cell shape. In our study, the method called as ‘‘efﬁciency’’ method
(Tan et al. 2005a) was employed to obtain the value of the densiﬁ-cation strain. The efﬁciency E of the foam in absorbing energy is de-
ﬁned as the energy absorbed up to a given nominal strain, ea,
divided by the corresponding stress value,
EðeaÞ ¼ WrðeaÞ ð62Þ
where W ¼ R ea0 rðeÞde is the absorbed energy.
The value of the densiﬁcation strain is obtained from the condi-
tion, at which the efﬁciency E reaches the maximum. Therefore, it
is determined from the following,
dEðeÞ
de
¼ 0 ð63Þ
Hence, the values of the densiﬁcation strain such predicted by
the ‘‘efﬁciency’’ method for the hexagonal and circular chains,
are 0.94 and 0.78, respectively (see Fig. 20). It was found that when
these values were used, the analytical results agreed with those
from FE well, except that for the circular chain the ﬁnal displace-
ment was underestimated. When the locking strain was modiﬁed
by a factor of 1.05 for the circular chain (i.e. ed ¼ 0:82), the ﬁnal
displacement is close to that from FE (Fig. 23b).
The quasi-static plateau stress rp was obtained from the quasi-
static uniaxial compression of a single cell in FE simulations. Fig. 20
shows the stress–strain relationship of a single hexagonal and cir-
cular cell. The quasi-static plateau stress of the chain is deﬁned as,
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Fig. 21. The non-dimensional velocity versus displacement of the graded hexagonal
cells’ chain, the SS mode. (a) C ¼ 36, m0 ¼ 0:279 corresponds G = 6 mg and
V0 = 10 m/s; (b) C ¼ 0:36, m0 ¼ 2:79 corresponds G = 0.06 mg and V0 = 100 m/s.
(a)
(b)
Fig. 20. Uniaxial compression stress–strain relationship of a single cell. (a)
Hexagonal cell; (b) circular cell.
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R ed
0 rðeÞde
ed
ð64Þ
Because the quasi-static plateau stress is linearly related to the
material’s yielding stress (Gibson and Ashby, 1997), the gradient in
the graded chain is expressed as,
g ¼ Drys
lcellrys
ð65Þ
where lcell and Drys are the length of a cell and the difference in
material’s yielding stress between two adjacent cells, respectively;
rys is the corresponding average yielding stress of the material.
The non-dimensional gradient in graded cellular chain is obtained,
H ¼ 25Drys
rys
ð66Þ
Table 1 lists the values of physical parameters of the two
cellular chains. The non-dimensional velocity of the impinging
plate versus the non-dimensional displacement is compared
with their corresponding FE results for both the SS and DS
modes under direct impact (i.e. Scenario I). For the FE result,Table 1
Values of the physical parameters in the graded cellular chains.
Chain H q0 (kg/m3) r0 (MPa)
Hexagonal ±1.62 230.94 0.29
Circular 400 0.35
Note: The densities of the cellular chains are shown in Appendix A.m1 is obtained by the velocity–time history of the impinging
mass while m2 is obtained by the velocity–time history of a
gauge in the undeformed zone. For the SS mode, the variation
of the velocity of the impinging plate with its displacement is
calculated from Eq. (21), while it is obtained by using ﬁnite dif-
ference method for the DS mode. The position of the shock
fronts can be easily obtained by simple integration. Also, the
position of the shock front can be obtained by a close look at
the deformation proﬁles, because the compaction zones can be
easily identiﬁed (Figs. 3–5).
Fig. 21 depicts the non-dimensional velocity of the impinging
plate against the displacement for the hexagonal cells’ chain when
the gradient is positive. Two initial impact velocities are given to
the impinging plate (i.e. 10 m/s and 100 m/s). To keep the initial ki-
netic energy constant, the mass of the impinging plate are chosen
as 6 mg and 0.06 mg, respectively. Thus, the non-dimensional ini-cp (m/s) l0 (m) T (ms) m (mg)
35.9 0.074 3.26 0.165
26.65 0.135 5.07 0.206
(a)
(b)
(c)
Fig. 22. The non-dimensional velocities versus displacement of the graded hexag-
onal cells’ chain, the DS mode. (a) C ¼ 36, m0 ¼ 0:279; (b) C ¼ 0:36, m0 ¼ 2:79; (c)
C ¼ 1, m0 ¼ 2:79.
(a)
(b)
Fig. 23. The non-dimensional velocities versus displacement of the graded circular
cells’ chain, the DS mode. (a) C ¼ 29, m0 ¼ 0:375; (b) C ¼ 0:29,
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and 0.36. The analytical predictions all show good agreement with
the FE results. Moreover, it is found that the chain is not fully
crushed when a smaller mass but higher velocity are employed,
implying that the energy-absorbing capacity is signiﬁcantly inﬂu-
enced by the mass ratio C.Fig. 22 depicts the velocity against the displacement of the
impinging plate for the DS mode in the graded hexagonal cells’
chain. Three cases are considered: V0 = 10 m/s and G = 6 mg,
V0 = 100 m/s and G = 0.06 mg, and V0 = 10 m/s and G = 0.145 mg.
Non-dimensionalization gives that C ¼ 36, m0 ¼ 0:279; C ¼ 0:36,
m0 ¼ 2:79; and C ¼ 1, m0 ¼ 2:79, respectively. The analytical predic-
tions for the DS mode also agree well with the FE results. Two
phases exist in Fig. 22(a) and (b) while only Phase I appears in
the third case (Fig. 22(c)).
The non-dimensional velocity versus the displacement of the
impinging plate for the DS mode in the circular cells’ chain is de-
picted in Fig. 23, similar to those cases considered in Fig. 21. It is
found that the velocity of the undeformed zone m2 is almost zero
when the displacement l < 0:2; afterwards, the velocity begins
to pick up, which deviated from the analytical prediction. This
lag phenomenon is also found in the hexagonal cells’ chains. The
velocity begins to increase when l > 0:07 in Fig. 22(b); and it be-
gins to increase when l > 0:1 in Fig. 22(c). This deviation is mainly
caused by the elasticity of the material, which is included in FE
simulations but neglected in the analytical derivation with the R-
PP-L material model. It will take a little time for the stress wave
to travel from the impinged end to the distal end. Meanwhile, if
the stress in the distal end is smaller than the quasi-static plateau
stress, only small elastic deformation takes place. The stress will be
enhanced by reﬂection of the stress wave at the two ends and plas-
tic deformation only begins to occur when the stress exceeds the
quasi-static plateau stress.
Fig. 24. Amap showing various deformation histories in Scenario I. mp denotes the velocity, beyond which Phase II does not appear for the DS mode while does not exist in the
SS mode.
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In the present paper, the dynamic response of graded cellular
rods under impact is investigated using analytical approaches. FE
simulations of hexagonal and circular cells’ chain under uniaxial
dynamic compression are carried out by using ABAQUS/EXPLICIT.
From the observation of the deformation proﬁles of cellular chains,
it is found that two shock fronts appear when the strongest cell is
placed at the impinged end while only one shock front appears
when the weakest cell is placed at the impinged end. Hence, a gra-
dient in the plateau stress of the cellular material is introduced to a
continuum cellular rod. Two impact scenarios are considered in theFig. 25. A map showing various defoanalysis. In Scenario I, the graded cellular rod is impinged by a rigid
mass, while in Scenario II the rod together with an attached mass
impinges onto a rigid target. Both the single shock (SS) and double
shock (DS) modes are found in these two scenarios. Based on the
shock theory originally proposed by Reid and Peng (1997), theoret-
ical derivations lead to analytical expressions of the dynamic re-
sponse parameters associated with the SS and DS modes in the
graded cellular rods. Closed form solutions are obtained for the
SS mode, while ﬁnite difference method is employed to obtain
the solutions for the DS mode.
Fig. 24 summarizes the deformation modes and phases for the
graded cellular rods under the impact Scenario I. The DS mode oc-rmation histories in Scenario II.
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when the gradient is positive. If the initial velocity is lower than
the densiﬁcation velocity, the initial kinetic energy will be ex-
hausted before the cellular rod is fully densiﬁed. The DS mode con-
tains two deformation phases, which are characterized by double
shock fronts and a single shock front, respectively. If the initial
velocity is higher than the densiﬁcation velocity, not the entire ini-
tial kinetic energy is dissipated at the end of the crushing of the
rod.
Similarly, Fig. 25 depicts the deformation modes and phases for
the graded cellular rod under the impact Scenario II. For Scenario II,
a critical gradient is obtained in terms of the mass ratio rd. Beyond
the critical gradient, the DS mode appears. The densiﬁcation veloc-
ities are also found for this impact scenario. Similar to Scenario I,
the DS mode may also contain two deformation phases.
The analysis for both the scenarios shows that the gradient sig-
niﬁcantly inﬂuences the dynamic energy-absorbing capacity of the
graded cellular rod when the mass ratio is small. To achieve higher
energy absorption, the weakest part of the graded cellular material
is suggested to be placed at the impinged end.
As for the experiments in the literature, most of them employed
the density gradient in the specimen, while the present analysis
adopts a gradient for the yield stress in the parent material. There-
fore, the current results cannot be directly compared with pub-
lished experimental results. However, the favorable agreement
between the FE results and theoretical predictions has veriﬁed
the analytical solutions. A lag phenomenon is found in FE simula-
tions when the strongest cell is placed at the impinged end, as a re-
sult of the elastic deformation in the FE models.
In the current study, only the gradient in the materials’ yielding
stress is investigated. If the gradient in the density of the material
exists, the deformation mechanism is similar to the current work.
Because the density of the material affects the quasi-static plateau
stress, the locking strain and the inertia, the governing equations
will be more complex. However, the SS mode and the DS mode
would still be applicable, and a full analysis will be conducted in
future.
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Appendix A. – FE model
A chain is composed of 25 uniform hexagonal or circular cells
along the axial loading direction, as shown in Fig. 2. For the hexag-
onal cells’ chain, the cell is regular with the same edge length
a ¼ 2:7 mm and the corresponding angle 1200 between edges.
For the circular cells’ chain, the cell is a circle with radius
r = 2.7 mm. The wall-thickness of the cells and the density of the
material are 0.2 mm and 2700 kg/m3, respectively. Thus, the den-
sity of the hexagonal cells’ chain is q0 ¼ 2ﬃﬃ3p ta
 qs ¼ 230:94 kg=m3
while for the circular cells’ chain it is q0 ¼ pt2r qs ¼ 400 kg=m3. The
out-of-plane width of the honeycomb is b = 0.9 mm. The material
of the cell wall is assumed to be elastic, perfectly plastic with
Young’s modulus E = 69 GPa, and Poisson’s v = 0.3. The total masses
of the hexagonal and circular models are 0.165 mg and 0.206 mg,
respectively. The gradient in the plateau stress is achieved by
assigning a yielding stress of parent material which varies cell by
cell. In our study, the difference of material’s yield stress betweeneach pair of adjacent cells is Drys ¼ 5 MPa. The average materials’
yielding stress is 77 MPa. For the circular cells’ chain, a rigid plate
was placed in-between two adjacent cells, which was to provide
stiffness so that a more regular deformation could be obtained
for each cell with the constrain provided by the plate. The assigned
mass of these plates is so small that the inertia effect may be ne-
glected. After the trial simulation, it was found that if there was
no plate between the rings, the ring’s deformation would show
irregular interaction between the two adjacent ones (e.g. wrapping
onto each other) and the shock wave theory might not predict well
against the FE results. The reason is that the mode of the deforma-
tion for each ring is very different from the rigid-plate compression
mode in the ring-plate system. This phenomenon was also found
by Reid and Reddy (1983). To prevent the wrapping, massless rigid
plates were inserted. This prevented wrapping of the rings and
might also help develop the ‘‘shock-type’’ deformation. Without
such plates deforming rings may occur alternatively for low veloc-
ity impact (Reid and Reddy, 1983).
Hourglass controlled, four nodes, reduced integration shell ele-
ments (type S4R) are used to mesh the structures. The plates at
both the ends are deﬁned as rigid body. As shown in Fig. 2, plate
B is ﬁxed by constraining the degrees of freedom of the reference
point; plate A can only move along the axial loading direction.
Interaction properties are imposed using general contact condi-
tions and surface to surface kinematic contact conditions between
the cellular chain and the two rigid plates with no friction. Further-
more, the out-of-plane displacement of the nodes is constrained so
as to prevent the chain from out-of-plane buckling. Five integra-
tion points through the thickness of the shell elements are
adopted. An initial impact velocity is given to the impinging plate.
To validate the established explicit model in ABAQUS/EXPLICIT,
a uniform circular chain with rigid plates as tested by Reid and
Reddy (1983) was simulated and the FE model produced results
in good agreement with the experiment, both in terms of the defor-
mation mode and the ﬁnal displacement of each ring.Appendix B. – Detail derivations
B.1. Solution of the single shock (SS) mode in Scenario I
For convenience, let A ¼ 1 12H; B ¼ 1edH; C ¼
1
ed
; D ¼ C. Then
Eq. (20) can be re-written as,
dm
ds
¼ dm
dl
dl
ds
¼ m dm
dl
¼ Aþ Blþ Cm
2
Dþ Cl ðB:1Þ
To solve Eq. (B.1), the solution is supposed to be in the form of,
m ¼ m0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f ðlÞ
q
ðB:2Þ
where m0 is the non-dimensional initial impacting velocity.
Substituting the initial condition mjt¼0 ¼ m0; ljt¼0 ¼ 0, we ﬁnd
f ð0Þ ¼ 1. Then, substituting Eq. (B.2) into Eq. (B.1) gives,
f 0ðlÞ þ 2C
Dþ Cl f ðlÞ ¼ 
2ðAþ BlÞ
m20ðDþ ClÞ
ðB:3Þ
which has a solution,
f ðlÞ ¼ e
R
PðlÞdl
Z
QðlÞe
R
PðlÞdldlþ E
 
ðB:4Þ
where PðlÞ ¼ 2CDþCl ;QðlÞ ¼  2ðAþBlÞm20ðDþClÞ, E is a constant to be deter-mined from the initial conditions. Since
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R
PðlÞdl ¼ 1
Dþ Cl
 2
;
Z
QðlÞe
R
PðlÞdldl
¼  2
m20
ADlþ BDþ AC
2
l2 þ BC
3
l3
 
ðB:5Þ
by applying the initial condition f ð0Þ ¼ 1 to Eq. (B.4), it is found that
E ¼ D2 ¼ C2 ðB:6Þ
Substituting Eqs. (B.2)–(B.6) into Eq. (B.1) leads to the solution,
m ¼ m0
Dþ Cl
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2  2
m20
ADlþ BDþ AC
2
l2 þ BC
3
l3
 s
ðB:7Þ
Finally, by substituting constants A, B, C and D into Eq. (B.7), we
obtain an expression for velocity in terms of the displacement of
the impinging mass, l.
B.2. Geometry relationship in double shock (DS) mode
In geometry, the following relationships are easily obtained,
du
dt
¼ V1 ðB:8Þ
dy
dt
¼ Vs2 ðB:9Þ
uþ xþ lþ y ¼ l0 ðB:10Þ
xþ y ¼ ðl0  lÞð1 edÞ ðB:11Þ
where x is the length of the densiﬁed zone adjacent to the prox-
imal end, y is the length of the densiﬁed zone adjacent to the distal
end, u is the displacement of the impinging rigid mass, l is the
length of the undeformed zone in the rod, and l0 is the initial
length.
Combining Eqs. (B.10) and (B.11),
u ¼ ðl0  lÞed ðB:12Þ
Differentiation of Eq. (B.12) gives,
dl
dt
¼  1
ed
du
dt
¼  1
ed
V1 ðB:13Þ
Considering a small element at the backward shock front, con-
servation of mass gives,
q0ðV2 þ Vs2Þ ¼ qdVs2 ðB:14Þ
so that we have,
dy
dt
¼ Vs2 ¼ 1 eded V2 ðB:15Þ
Since l0 is a constant, differentiating Eq. (B.11) gives,
dx
dt
þ dy
dt
þ dl
dt
þ du
dt
¼ 0 ðB:16Þ
Substituting Eqs. (B.8), (B.13), and (B.15) into Eq. (16) gives,
dx
dt
¼ 1 ed
ed
ðV1  V2Þ ðB:17ÞB.3. Solution of the single shock (SS) mode in Scenario II
For convenience, let A0 ¼ 1 12H; B0 ¼ Hed ; C
0 ¼ Cþ 1; D0 ¼  1ed;
consequently, Eq. (52) can be re-written as,
dv
dt
¼ v dv
du
¼  A
0 þ B0u
C0 þ D0u ðB:18ÞBy integrating Eq. (B.18) and using the initial condition,
mjl¼0 ¼ m0 gives,
m ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m20  2
A0D0  B0C 0
D02
 
ln 1þ D
0
C 0
l
 
 2B
0
D0
l
s
ðB:19Þ
Substituting the constants A0, B0, C0 and D0 into Eq. (B.19) results
in the ﬁnal solution for non-dimensional velocity in term of the
displacement of the attached mass, l.
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